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INTRODUCTION
Although lead isotope age calculations are in general not difficult to make, both graphs and nomographs are available in the literature to simplify these computations. Holmes (1931, p. 208) published in "The Age of the Earth" a graphical solution of the age equation involving total lead, uranium, and thorium. Eight years later Wickman (1939, p. 6 ) published several nomographs that gave ages in millions of years equivalent to the weight ratios of Pb206/U238, Pb^/Pb206, and Pb 208/Th 232. More recently, Kulp and others (1954, p. 345) have prepared nomographs of the three age ratios mentioned above as well as the ratios of Pb207/U235 in terms of numbers of atoms rather than in weight percent.
During the course of geochronological studies mr-de by the U. S. Geological Survey it was found desirable to have age equivalents for the various lead isotope ratios at smaller intervals and over a greater range of time than could be obtained from the references mentioned above. Initially, these tables were calculated for the atomic ratios of Pb206/U238, Pb 207/U235, Pb^/Pb206 , and Pb 208/Th232 at intervals of t of 1 million years from 1 million years to 6,000 million years. The tables in this paper are an abridgment of the original tables. The calculations were carried to 6,000 million years, an age greater than the probable age of the earth, so tH.t speculative calculations could be made. They are being published because it has been found that for certain types of analysis of isotopic age data these tables are more satisfactory than the published nomographs. For example, the tables offer greater accuracy and ease of manipulation than the nomographs in making repeated solutions of the age equations. Siich repeated calculations are particularly useful in evaluating different geologic processes which have produced discordant ages.
The general form of the age equations used to compute the tables was developed by Kovarik (1931, p. 73) , Keevil (1939, p. 195) , and others. Solutions were obtained for equations of the form
The equation
N_d N, '207 =expX£ & (expX238< was solved by iteration. It is important to note that the ratios otNJN, and Nm/Nm in the present tables are given as ratios of number of atoms of daughter (Nd) to number of atoms of parent (Nf), and number of atoms of Pb207 (Nwi) to Pb206 (Moe) and not in terms of weight percent.
The authors wish to express their appreciation to F. W. Reilly and D. B. Rock of the Computer Branch for their aid in the operation of the computer, and also 1 U235 _ __ _ -.
Xh232
Atomic ratio IT238/!!235 _____________ _ This paper i T= (4.51 ± 0.01) X109y X=1.5369 X10-1°y-1 i T=(7.13±0.16)X108y X = 9.72|,X10-1V1 2 T=(1.42±0.07)Xl010y X=4.88,3 X10-»y-1 3 137.7±0.32 Kulp and others, 1954 T= (4.49 ± 0.0 l)X109y X=1.541X10-10y-1 T=(7.13±0.16)X108y X = 9.722XlO-10y-1 T=(1.39±0.02)X1010y X= 4.987 XW-n y~l 137.7 ±0.5 Vickman, 1939 !T=4.56X109y X=1.52X10-i°y-1 T=7.14X108y X=9.72X10-10zr1 T=1.39X10«>y X=4.99X10-"y-1 139.0±1.0 Kovarik and Adams (1938, p. 413) have also determined the half life of Th232 as (1.39±.03)X1010 years. In their very thorough and excellent paper they determined in addition the branching ratio of Bi212. Recently this branching ratio and the half life of thorium have been redetermined by Senftle, Farley, and Lazar (1956) . Using a pulse-counting technique they obtained a branching ratio 7.4 percent higher than that obtained by Kovarik and Adams. Although the half life as determined by Kovarik and Adams does not directly depend on the branching ratio of Bi212, the half life was determined from the basic alpha-count data. In spite of the careful alpha-counting techniques used by Kovarik and Adams, the differences in the branching ratio of Bi212 raise some questions on the earlier Th232 half-life determinations. Also, their calculations depended on the existence of radioactive equilibrium between Th232 and Th228 based on the age of the thorite and the assumption that the daughter products were undisturbed by processes of alteration and weathering. Senftle, Farley, and Lazar, however, have shown that even for a specimen of fresh thorite chosen because it showed no signs of alteration, the Ra224 was 9.5 percent less than the equilibrium amounts; this implies a loss of its parents Th228 and Ra228. The tendency of radiogenic daughter products to migrate has been pointed out in detail by Rosholt (1958) . Hence, the value of the half life (1.42±0.07)X1010 years as determined by Senftle and others was used, even though the quoted percent of error is somewhat larger than that of Kovarik and Adams.
The determination of the atomic ratio N238/N235 has been discussed by Fleming and others (1952, p. 642) . They observe that a mean value of 137.7 "falls within the limits of error of all values reported." Kulp and others (1954, p. 345 ) used a value of 137.7±0.5. More recently Senftle, Stieff, Cuttitta, and Kuroda (1957, p. 190) have shown an average value of 137.7 ± 0.32 for 13 uranium specimens. Thi? value with its somewhat smaller probable error has been used for these calculations.
In general, the ratios in the tables r,re given to four significant places, a value somewhat better than can be justified by present physical measurements and analytical methods. The remaining two numbers in smaller type have been included because of their usefulness in certain theoretical calculations. Corresponding to each ratio a value of t plus or minus the error may be read from the tables or may be directly interpolated as a first approximation if the exact value of the ratio desired is not found. Tl e limits of error for t shown in the tables have been calculated by using only the limits of experimental error reported for the determinations of the decay constants and the are treated more fully in the section "Methods of abundance ratios, and the error term has been rounded computation." to the nearest 0.1 million years. The error calculations Table 2 lists for several different t's the limits of error in the age calculations resulting from the uncertainties in the physical constants used. This table shows that the limits of error in calculated age for the Pb206/!!238 method are less than the limits of error for the other three methods. The selection of intervals of t (table 3) was determined in part by the limits of error for the !X10«to 500 X106 500X106 to 1,500X10* 1,500X10* to 2,500X10* 2,500X10* to 4,500X10* 4,509X10* to 6,000X10* Interval (years) 1X10* 2X10« 5X10* 10X10* 15X10* might be obtained for the same value of t. Admittedly, the intervals chosen for the abridged tables are smaller that the uncertainties in the calculated ages introduced by the most precise analytical techniques currently available. However, improvements in the quantitative determination of lead, uranium, thorium, and hotopic abundance may ultimately permit the measurersent of small differences in age (1 to 2 million years) of radioactive minerals from rocks of Cambrian age or younger.
METHODS OF COMPUTATION THE Nd/Np RELATION
For the purpose of programing this work for the digital computer, the general form of the age ec uation was used, ** & _ T> ___\ j 1 "Tr"
J.\1i
(1)
method. In spite of the larger errors inherent in the other methods, the same interval of t has been used for all four tables in order that equivalent ratios where i=l, 2, 3 and .7=1, 2, 3.
The values of the decay constants with their limits, X, , used for these calculations are shown in tab1 1^ 4.
TABLE 4. Decay constants \i.(y~')
X U238Ai1 = i.5369 xiO-10 U28«X2, = 9.7216 X10-10 Th232X3. = 4.8813 X10-" X plus error Xi2 =1.5335 X10-10 H = 9.5082 X10-10 *32 = 4.6520 X 10-" X minus error *i3 =1.54o3 X10-»° X23 = 9.9447X10-'°* 33 =5. 1344X10-" Î n computing expX^f 1 the exponential series was expanded to the uncertainties in the decay constants was simplified in the following graphical treatment shown in figure 1. By virtue of the geometry in figure 1, and the recursion -.
--. -= . was used to evaluate (n l)\n n\ the series. No round off was used in the evaluation and the maximum error in expX^Z can be shown to be less than 5X10"5.
The problem of calculating the errors in the ages due where t2 is the age for a plus error in X and £3 is the age for a minus error in X. Therefore, and (3b) t FIOTJRE 1. Atomic ratio Nd/Np plotted against the age, t, showing the plus and minus tolerance curves.
Simplifying and taking logarithms, and (4a) (4b) Also it is evident from figure 1 that MN=ti t3 and NO=t2 ti. Thus, by the substitution the error in the age, MN and NO, can be simply evaluated in a convenient form, and N0=t ll?- (5a) (5b)
If new, more nearly accurate, values of the decay constants become available, it is a simple matter to obtain the corrected age from the tables. For example, suppose the half life of the Th232 is changed from 1.42± 0.07X1010 years to 1.45±0.02X1010 years. Calculated in this way using T instead of X, the new value of the age, </ say, will be . , 1.45 t.
1.42
Similarly, t2' and t3' will be 1.47 and 1.42
t ' ' 1.42
Then, if one assumes an experimental ratio of A^os/A^a of (O.OSOOaa), the corresponding value of ti (A^os/A^ table) is 1,OOOX106 years. The new half-life value would yield </, tj', and t$ ages of 1,021 X106 years, 1,035X106 years, and 1,007X106 years, respectively. Thus, the tables can still be used even if new values of the half lives are redetermined at a later date. 
was used for computing the Pb207/Pb206 table. The value, ki, used for the U238/!!238 atomic ratio was 137.7 ±0.32 where fc2 and fe3 designate the aburdance ratios with the plus and minus tolerances, respectively.
As in the Nd/Np relation previously described, the calculation of limits of error in the age due to uncertainties in the decay constants has been simplified for programing on the digital computer. By use of a similar graphical argument as shown in figure 2, it can be seen that i 1 _ expX22£2 and R= 1) k2 (expXl2«2 1)
However, unlike the previous solution, the equations (7a, b) have no direct solution for t2 and t3 and an iterative-approximation method had to be used. The left-hand sides of the equations can be evaluated. The right-hand sides are quotients of infinite series in t2 and t3 . An initial guess was made for t2 or £3, as the case may be, and a test for equality was made. Successive approximations were made to the t values until equality was obtained.
For the particular case where tl = t2 =t3 Q, the ratio R is indeterminate. However, by using L'Hospital's ule an approximate but quite accurate value of R can be obtained. Hence, the limits of the ratios as-t\, t2) and <3->0, are #:=0.045936, #2 =0.0449, ard R3 =0.0470. Thus, radiogenic lead being formed at the present time should and does have a NWI/NSM ratio between 0.045 and 0.047, a value very close to the experimentally observed value.
From the age tables it can be seen that below an age of 56X106 years, the Pb^/Pb206 method has errors that are larger than the calculated value of t. As has been mentioned, this error is due only to the uncertainties in the physical constants used in the calculations. It is shown in figure 2 for an age t, (which is lesn than 56X106 years) that the horizontal line (a-6) between the ages representing the plus and minus tolerances does not intersect the upper curve on the positive side of the coordinates because of the flatness of the curves in this region. Also, this "flatness" and the round-off error cause oscillation of approximately 0.1 to 1.0 million years in the quoted error in t for ages lesr? than 400 million years, and small irregularities in tl ^ 5th and 6th places of the A^/A^oe ratio for the range from 0 to 50 million years.
SAMPLE AGE CALCULATION
A hypothetical uraninite gave the following chemical data: U=43.646 percent, Pb=7.532 percent, Th=5.20! percent. For an exact age solution in terms of numbers of atoms it is not necessary to convert these data from the chemical to physical scale of atomic weights by multiplying these values by the conversion factor 1.0002783 given by Nier (1950) . This conversion factor cancels out in the lead-uranium ratio age calculations.
However, for an exact age solution, it is necessary to use the calculated physical atomic weight of the lead based on the isotopic composition of the sample being dated rather than the physical atomic weight of average common lead, 207.282. The physical atomic weight of this hypothetical radiogenic lead is obtained by multiplying the four lead atom percent abundances by the respective physical atomic weights for the individual lead isotopes. Using the isotopic atomic masses given by Sullivan (1957), 204.0368, 206.039, 207.041, and 208 .041, the calculated atomic weight of the radiogenic lead in the uraninite is 206.32. The weight percent of lead corrected for this small factor is :
Failure to correct for differences in atomic weight will result in errors of approximately 0.2 to 0.5 percent in the calculated lead-uranium and lead-thorium ages depending on the atomic weight of the lead in the radioactive mineral and the physical constants used in the calculation. The presence of lead originally deposited (common lead) with the uraninite and not produced by the radioactive decay of the uranium or thorium in the mineral is indicated by 0.1957 percent Pb204 in the isotopic analysis of the lead extracted from the uraninite. Pb204 is the only isotope of lead not known to be produced by radioactive decay. The isotopic analysis of the hypothetical galena associated with the uraninite is assumed to approximate closely the isotopic composition of the nonradiogenic lead originally deposited with the uraninite. As this galena also contains Pb206, Pb207, and Pb208, it is necessary to correct the uraninite lead before the age calculations can be made.
CORRECTION FOB ORIGINAL COMMON LEAD
The correction for the original common lead may be made in the following way:
1. Using Pb204 as the "index" of the amount of original lead present, a factor proportional to the amount of Pb204 present in the uraninite (0.1957) compared to the Pb204 in the galena (1.438) is obtained. Similarly, the Pb207/!!236 age is obtained by multiplying the chemical weight percent of total lead by the corrected atom percent abundance of radiogenic Pb207 and dividing by the chemical weight percent of total uranium multiplied by the atom percent abundance of U235. The conversion factor of weight to atom percent, 1.1 540, is used to change the lead-uranium ratio to an atomic ratio. The Pb207/!!235 age thus becomes
The Pb^/Th232 age thus becomes From the tables read 950 ±2 1. 3 million years.
Pb2°VPb2M AGE METHOD
The age calculated from the Pb^/Pb206 ratio may be obtained directly from the isotopic composition of the remaining radiogenic Pb206 and Pb207. The Pb207/Pb206 age thus becomes NmlNtot -, From the tables read 950 ±71.9 million years.
Pb«»/Th232 AGE METHOD The Pb208/Th232 age is obtained by multiplying the total chemical weight percent of lead by the atom percent abundance of remaining radiogenic Pb208 and dividing by the total chemical weight percent of thorium times 100. This ratio is converted to an atomic ratio by using the following factor: 232.111 206.32 ~L1250°'
From the tables read 950 ±46. 8 million years. Physical isotopic masses were calculated from data given by Huizenga (1955) and by Sullivan (1957) .
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